In a model of corporate finance introduced by Radner and Shepp and its numerous variations, the optimal dividend strategy was the main interest of research. Firm's dynamic properties like the probability of survival by the given time and the average flow of dividends recieved much less attention. We address these questions in a slightly modified Radner-Shepp model. Using the regularization of a Brownian motion with drift, which is, to our knowledge, new in the literature, we find the capital dynamics, the probability of survival by a given time, the average flow of dividends. We analyze the dependence of these indicators on firm's discount factor.
Introduction
The development of diffusion models of firm's finance was started in [15] , [11] and [2] . In [15] , firm can choose among different production plans that differ in risk and profitability -increasing profits also increases risk. The optimal dividend policy is of a threshold type -firm switches from a production plan to a riskier one as the cash reserves increase. In [11] a simplified version of the model from [15] is considered -authors assume that the set of production plans is a singleton. They provide the optimal dividend policy for three types of policies: bounded dividends, costly dividend payments, and unconstrained dividend payments.
Diffusion models are widely used in insurance. In [2] the optimal dividend policy of an insurance company is studied in the absence of fixed costs of dividend payments and with no reinsurance. In [10] this problem is solved in the case of proportional reinsurance, and in [1] and [5] -in the case of excess-of-loss reinsurance.
We briefly describe some notable generalizations of these models. In [18] the terminal value of the company at the time of the bankruptcy is introduced. In [16] company can control its risk exposure by issuing new equity as well as by paying dividends. In [13] this approach is generalized to study the problem with the possibility of bankruptcy. In [4] the problem similar to the one studied in [11] is addressed, but cash reserve is assumed to follow a mean-reverting process. In [14] an insurance company with costs consisting of a fixed cost do for each payment, independent of the size of the payment, plus a part that is proportional to the size of the payment, is discussed. In [6] a growth option, which offers a firm an opportunity to invest in a new technology that increases its profit rate, is introduced in the diffusion model framework. In [9] , [8] and [12] optimal control policy of the insurance company is analyzed under the solvency constraints. In [3] a firm that faces two types of risks is considered: a Brownian risk that represents small movements in the cash flow and a Poisson risk that represents large movements in the cash flow. In [17] long-term economic conditions are explicitly introduced in the model as one more source of uncertainty.
In a numerous papers which followed after [15] , authors were primarily concerned with more complicated random processes describing firm's capital dynamics and the solution of the optimal dividend policy problem arising in this framework. So they typically analyze the optimal strategy of a firm without considering its whole lifetime. How does the probability distribution function of a firm's capital changes over time? What is the average flow of dividends earned by firm? How much money does it make before bankrupcy? What is the dependence of these values on the parameters of the model? We address these questions in the very basic setup -a slightly modified Radner model with a singleton production set (case C in [11] ). The key instrument of our analysis is the regularization of a Brownian motion with drift used in Lemma which is, to our knowledge, new in the literature. Main results are presented in the Theorem -we find and solve the partial differential equation which describes the dynamics of distribution of firm's capital and we find the simple formula for the average flow of dividends firm makes at the given time. Next, we analyze the dependence of the probability of survival by the given time and the total firm's profit on the firm's discount factor. In other words, we want to know, what kind of planning, long-term or short-term, is preferable in the Radner-Shepp model. We use numerical simulations to answer this question for different initial distributions of capital. The result is the same -firms with lower discount factor exist longer, which is not surprising, and make more money, so the long-term strategy is more preferable.
Preliminary Notes
As in [15] , we assume that firm's capital follows an additive Brownian motion:
where W (t) is a standard Wiener process, X(t) is firm's capital, Z(t) is a dividend payment process which is to be found. Parameters µ > 0 and σ are assumed to be fixed. The goal of the firm is to maximize the expected discounted profit:
where λ > 0 is a discount rate and τ is the time of bankrupcy, which occurs when firm's capital hits zero for the first time, and ϕ(x) is the probability density function of initial capital X(0). The interpretation of this modification of objective functional is straightforward -initial capital is debt which is to be returned. This makes the comparison of profits of firms with different discount factors, which will be performed at the end of the next section, more realistic. Clearly, this modification does not affect the optimal dividend strategy which, as it was shown in [15] , is characterized by a threshold level
When firm's capital X(t) exceeds B, it is optimal to pay X(t)−B as dividends, and when X(t) is less than B, firm shouldn't pay any dividends.
Main Results
Our point of interest is a more comprehensive description of capital dynamics of the firm over time. Let F (t, x) = P (X(t) ≤ x, t < τ ) and N (t, x) = ∂ ∂x F (t, x). Defined that way, F (t, x) and N (t, x) are analogous to the cumulative distribution function and probability density function respectively. The following lemma shows that N (t, x) is the solution of the heat equation with drift with absorbing lower boundary and partially reflecting upper boundary. In order to derive the equation and the boundary conditions, we use a regularization of a Brownian motion with drift which is, to our knowledge, new in the literature. Strictly speaking, this result is rather standard and can be obtained without such regularization, but it allows us to obtain the formula of the average dividend flow later.
Lemma 3.1 Let ϕ(x) be the probability density function of the firm's capital at t = 0 with support [0, B], the firm's income follows (1) and the dividend strategy is described by a threshold level B defined by (3) . Then N (t, x) follows partial differential equation
Proof. Consider the following regularization of (1):
When M tends to infinity, for x ∈ [0, B] the process described by (5) - (6) becomes the one described by (1) . Let ψ(x) be some regular enough function. Since the increment of a standard Brownian motion on (t, t + ∆t) can be modelled as ξ √ ∆t, where ξ has a standard normal distribution, the Kolmogorov equation for the process described by (5) - (6) is
where ν(ξ) is a probability density function of a standard normal distribution. Using Taylor approximation for small ∆t, we get
Integrating by parts and substituting formally ψ(x) = δ x (or, more accurately, consider a sequence of regular functions ψ with the limit δ x ), we get
Using the fact thatμ(x) = µ for x ∈ (0, B), we derive the equation describing the dynamics of N (t, x) for x ∈ (0, B). In order to find boundary conditions, consider some arbitrary point C ∈ R and split the region of integration in (7) in two parts (−∞, C) and (C, +∞):
where the last equality uses (8) . Similarly,
Note that we used the fact that ψ(x) is smooth at any point. Adding I 1 to I 2 , we get
and since it must hold for any ψ and values of function and its derivative in a fixed point are independent, expressions in brackets must be zeroes:
Hence, N is continuous in any C but its derivative may have a discontinuity such that the flow through C remains continuous.
For x ∈ (0, B) equation (8) has the following form:
We are interested in solution which converges to 0 as x → −∞ and also converges to 0 as x → +∞. There exist functions v(t, x) and n(t, x) such that N (t, x) can be represented uniformly for x ∈ (−∞, 0) and x ∈ (B, ∞):
Indeed, let
Substituting (12) into (10), we get the same equation
Apply Fourier cosine transform to (13):
where ω is a parameter of a Fourier cosine transform and Φ(t) is a Fourier cosine transform of g(t, y). Solving this differential equation with initial condition Φ(0) = 0, we get
Once again applying Fourier cosine transform on (15), we get
In order to derive the upper boundary condition, we return to the first equation in (11) . In view of (16) it can be rewritten as
∂y
Our point of interest is ∂ ∂x N (t, x)| x=B − . Substituting C = B in (9) and using the fact that N is continuous at any point we get
It is clear from (11) that
Substituting (18) into (17), we get
By the virtue of Laplace asymptotics, for big M the impact of big τ is negligible. This leads to
where R(t) = erf
and Y (t) = exp − M 2 t 2σ 2 . Demanding the coefficient of the highest order of M to vanish for the equality to hold as M tends to infinity, we obtain the following upper boundary condition:
The derivation of the lower boundary condition is similar. Consider the second equation in (11) :
From (9) we get
and it is clear from the second equation in (11) that
Hence,
Substituting (22) into (21), we get
Again, application of Laplace asymptotics leads to
For this equality to hold as M tends to infinity, we impose the following lower boundary condition:
Clearly, there is no point in considering the case of support of ϕ being outside [0, B] since if the firm's capital exceeds B, the excess above B is instantly paid as dividends, so the capital is returned to the domain [0, B].
The main results of the work are presented in the following theorem. The first part of the theorem is rather standard, although, to our knowledge, the heat equation was not used in the context of firm's capital models before. The second part, on the other hand, indeed sheds some light on the Radner-Shepp model. For example, there is no explicit formula for the average flow of profit in [11] -it is only shown that it can be represented as the solution of some stochastic differential equation involving time firm spends on the upper bound. 
where
26) and m n , n ∈ {0} ∪ N are positive roots of the equation
and C n , n ≥ 1 are the same as in (26).
and C n , n ≥ 1 are the same as in (26) and m 0 is a negative root of the equation
2. The average flow of dividends z(t) earned by a firm of age t equals
Proof. 1. From lemma, the dynamics of N (t, x) is described by (4) . , x) , we get the following partial differential equation:
Using Fourier method of separated variables, we seek solution in the following form:
It is well known (see, for example, [7] ) that the problem of finding T n (t) and X n (x) can be reduced to the analysis of the following differential operator:
The eigenvalues of this operator are λ n = m 2 n B 2 , n ∈ N, where m n ∈ ((2n − 1)π/2, (2n + 1)π/2), n ∈ N are the solutions of the equation (27) and X n (x) = sin mnx B are corresponding eigenfunctions. If µ < σ 2 B, there is one more solution of (27), namely, m 0 ∈ (0, π/2) and the corresponding eigenfunction is X 0 (x) = sin . Note that these eigenfunctions are exactly the same functions that used in (35). C n , n ∈ {0} ∪ N are Fourier coefficients and can be found as
which leads to (26), (29), (31). Finally,
Returning to N (t, x) we get (25). 2. Note that the flow of dividends may be represented in the following way:
where N corresponds to the regularized random process defined by (5), (6) .
From (11), (12) and (16) we get
Substituting (37) into (36), we get
I dτ, where
Substitute a Taylor expanision of the expression in parentheses in (38) into (17) :
Ignoring high orders of M , after some simplifications we get
Substitute (39) into (38):
Since all harmonics are orthogonal to each other, C n = 0, n ∈ N. After some standard simplifications using (27), C 0 may be represented in the following way:
Substituting (47) to (25) we get (43). 2. Similarly to the theorem 3.2,
.
Substituting (43) into (33), we get (45).
We perform numeric analysis of the dependence of the key indicators of firm, which are probability of survival by the given time and total profit, on the discount parameter λ. We consider several initial probability distribution functions -the one used in Corollary, delta function and the function of uniform distribution. In all these cases the results are the same -increase of λ leads to the decrease of the probability of firm to be alive at the time t and increase of λ leads to the decrease of both "objective" and "subjective" expected total profits
Dependence of N s (t) and Π ob on λ for the initial probability distribution function used in Corollary and for some fixed µ and σ is shown on figures below. Note that too small λ's are not considered since they violate (41).
The analysis for the case of Dirac function is also straightforward. First of all, note that our modification of Radner-Shepp model with the objective function (2) implies the following two-step firm's problem. On the first step firm finds an optimal dividend strategy. This is done exactly as in [15] . On the second step firm finds an optimal initial capital. If we restrict our attention to Dirac functions, then the objective function may be rewritten as
where V is a Bellman function from the first step. B must satisfy (see [15] ) the condition V (B) = 1 and there is only one point satisfying this condition. On the other hand, the optimal initial capital (the solution of the second step) is obviously can be found from (Π sub ) = V (X(0)) − 1 = 0. Hence, B and the optimal X(0) are defined by the same condition and thus coincide. As it was already noticed, V (B) = µ λ , hence Π sub = µ λ − B. The derivative of this function with respect to λ is negative, which concludes the proof of negative dependence of "subjective" profit on discount factor in the case when the probability distribution function of initial capital is given by a δ B (x).
Conclusion
In a slightly modified Radner-Shepp model, we found the dynamics of the probability distribution function of firm's capital and the average flow of dividends earned by a firm. This allows to find a probability of firm's survival by the given time and the total "objective" and "subjective" profit for the arbitrary initial distribution of firm's capital. These results significantly extend our knowledge of the dynamics in Radner-Shepp model, since only the "subjective" profit and the expected time of the bankrupcy for the case of initial distribution of firm's capital defined by a Dirac functions were known in the literature. Numeric analysis of the dependence of firm's indicators on the discount factor is performed with the conclustion that firms with lower discount factor are better off -they live longer and make more money both "subjectively" and "objectively". Further research may involve the generalization of this analysis in terms of generality of initial distributions and applications of the methods developed in this work for the variations of the Radner-Shepp model.
